o 

(N 

CD 
tin 



a 



o 
o 



REPRESENTATION OF NELSON ALGEBRAS BY ROUGH 
SETS DETERMINED BY QUASIORDERS 

JOUNI JARVINEN AND SANDOR RADELECZKI 



Abstract. In this paper, we show that every quasiorder R induces 
a Nelson algebra RS such that the underlying rough set lattice RS is 
algebraic. We note that RS is a three- valued Lukasiewicz algebra if and 
only if R is an equivalence. Our main result says that if A is a Nelson 
algebra defined on an algebraic lattice, then there exists a set U and a 
quasiorder R on U such that A = MS. 



1. Introduction 



Nelson algebras, also called AA-lattices or quasi-pseudo-Boolean algebras, 
^^ were introduced by H. Rasiowa as algebraic counterparts of the constructive 

Li^ logic with strong negation by D. Nelson and A. A. Markov (see ^22j). They 

n/ can be considered also as a generalisation of Boolean algebras. It is well 

known that any Boolean algebra defined on an algebraic lattice is isomorphic 
to the powerset algebra p{U) of some set U. In this paper, we prove an 
analogous result for Nelson algebras with algebraic underlying lattices and 
algebras of rough sets determined by quasiorders. 

Rough sets were introduced by Z. Pawlak in [20]. In rough set theory it is 
^^ assumed that our knowledge about a universe of discourse U is given in terms 

J^ of a binary relation reflecting the distinguishability or indistinguishability 

^^ of the elements of U. Originally, Pawlak assumed that this binary relation 

^— I is an equivalence, but in the literature numerous studies can be found in 

^l which approximations are determined also by other types of relations. 

r^ If i? is a given binary relation on U, then for any subset X <ZU, the lower 

approximation of X is defined as 

X^ = {x G [/ I R{x) C X} 

. J^ and the upper approximation of X is 

X X^ = {xGU\R{x)r\X ^^}, 

^ where R{x) = {y G U \ xRy}. The rough set of X is the pair A{X) = 

(X^ ,X^) and the set of all rough sets is 

RS = {A{X) I A C [/}. 

The set RS may be canonically ordered by the coordinatewise order: 
A{X) < AiY) holds in RS if A^ C y^ and X^ CY^. 

The structure of RS is well studied in the case when R is an equivalence; 
see [61 El El Ha HBl O EI]. In particular, J. Pomykala and J. A. Pomykala 
showed in [21] that RS is a Stone lattice. Later this result was improved 
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2 JOUNI JARVINEN AND SANDOR RADELECZKI 

by S. D. Comer [6] by showing that RS is a regular double Stone lattice. 
In [9], M. Gehrke and E. Walker proved that RS is isomorphic to 2 x 3 , 
where I is the set of singleton i2-classes and J is the set of non-singleton 
equivalence classes of R. Additionally, RS forms a three- valued Lukasiewicz 
algebra, as shown by P. Pagliani [18j . If R is reflexive and symmetric or just 
transitive, then RS is not necessarily even a semilattice. If R is symmetric 
and transitive, then the structure of RS is as in case of equivalences |llj . 

In [13], we proved that any RS determined by a quasiorder R is a com- 
pletely distributive lattice isomorphic to a complete ring of sets, and we 
described its completely join-irreducible elements. We also showed that 
MS = {RS, U, n, c, (0, 0), {U, U)) is a De Morgan algebra, where the opera- 
tion c is defined by c: A{X) i— )• A{U\X). In this paper, we prove that MS is 
in fact a Nelson algebra defined on an algebraic lattice. The main objective 
of this work is to prove the following representation theorem. 

Theorem 1.1. Let A = (A, V, A,c, 0, 1) be a Nelson algebra defined on an 
algebraic lattice. Then, there exists a set U and a quasiorder R on U such 
that A ^ MS. 

As a corollary we can also show that if A is a semisimple Nelson alge- 
bra with an underlying algebraic lattice, then there exists a set U and an 
equivalence R on U such that A = MS. 

The paper is structured as follows. In the next section we recall some no- 
tions and facts related to De Morgan, Kleene, Nelson, and Heyting algebras. 
Section [3] summarises some more or less known properties of completely join- 
irreducible elements of completely distributive Kleene algebras, which will 
be used in the proofs of our main results. In Section [4j we prove that 
rough set lattices induced by quasiorders determine Nelson algebras. We 
also show that MS is a three-valued Lukasiewicz algebra only in case R is 
an equivalence. Section [5] contains the proof of Theorem 1 1 . 1 1 and some of its 
consequences. 

2. Preliminaries 

Systematic treatments of De Morgan and Kleene algebras can be found 
in [U [22]. A De Morgan algebra A = {A, V, A, c, 0, 1) is an algebra of type 
(2, 2, 1, 0, 0) such that ^4 is a bounded distributive lattice with a least element 
and a greatest element 1, and c is a unary operation that satisfies for all 
x,y e A, 

c{c{x)) = x; 
X < y ii and only if c(x) > c{y). 

This definition implies that c is an isomorphism between the lattice A and 
its dual A . Hence, it satisfies the equations: 

c(xVy) = c(x)Ac(y); 
c{xAy) = c{x)Vc{y). 

An element x of a complete lattice L is completely join-irreducible if for 
every subset S oi L, x = \/ S implies that x £ S. The set of completely 
join- irreducible elements of L is denoted by J^{L) — or simply by J when 
there is no danger of confusion. For any x, let J(x) = {j £ J^ \ j < x}. 
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A complete lattice L is completely distributive if for any doubly indexed 
family of elements {j;j^ j}jg/_ jgj of L, we have 

A(V-u)= V (A -./»)' 

iei jeJ f: I^J i€l 

that is, any meet of joins may be converted into the join of all possible 
elements obtained by taking the meet over i S / of elements Xj^^, where k 
depends on i. 

We say that the De Morgan algebra A is completely distributive, if its 
underlying lattice A is completely distributive. In such a case, we may 
define for any j & J the element 

j* = l\{x G A I X ^ c{j)}. 

It is well known that j* £ J (see e.g. [15j). The next lemma for a finite A 
was proved in [15J, and it is contained implicitly in P]. 

Lemma 2.1. If A is a completely distributive De Morgan algebra, then for 
all i,j e J: 

(a) j* ^ c{j); 

(b) i < j implies i* > j* ; 

(c) j**=j. 



Notice that statements (b) and (c) of Lemma 2.1 mean that the map 
j I— )• j* is an order-isomorphism between the ordered set J7 and its dual J^ . 

A complete lattice L is said to be algebraic if any element x E L is the 
join of a set of compact elements of L (see e.g. [lOj). A complete ring of sets 
is a family of sets J^ such that (J Ti and f] Ti belong to T for any T-L (^ F. 

In the next remark we give some conditions under which a lattice is iso- 
morphic to a complete ring of sets (cf. [7]). 

Remark 2.2. Let L be a lattice. The following are equivalent: 

(a) L is isomorphic to a complete ring of sets; 

(b) L is algebraic and completely distributive; 

(c) L is distributive and doubly algebraic (i.e. both L and L" are algebraic); 

(d) L is algebraic, distributive and every element of L is a join of completely 
join- irreducible elements of L. 

If A is a De Morgan algebra whose underlying lattice is algebraic, then A is 
doubly algebraic, since A is self-dual. Thus, A has all equivalent properties 
of Remark |2.2[ The next connection between the maps c: A ^ A and 
* : J ^ J was proved in [15] for finite algebras and in the completely 
distributive case it is contained implicitly in ^23j (see also |24] ) . 

Lemma 2.3. If A is a De Morgan algebra defined on an algebraic lattice, 
then for all x e A, c{x) = \/{j e J \ j* ^x}. 

Let L and K be two completely distributive lattices such that any element 
of them is a join of completely join- irreducible elements, and assume that 
ip: J{L) — )• J{K) is an order-isomorphism of ordered sets. G. Birkhoff [2] 
proved that in this case the map $ : L ^- K, 

^x) = \/ipiJix)) 
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is a lattice-isomorphism. One may extend this result to De Morgan algebras. 

Corollary 2.4. Let L = (L, V, A,c,0, 1) and K = (if, V, A,c, 0, 1) be two 
De Morgan algebras defined on algebraic lattices. If ^: J{L) — )• J{K) is an 
order-isomorphism such that 

for all j G -JiL), then $ is an isomorphism between the algebras L and K. 

Proof. Since the map $: L — )• X is a lattice-isomorphism that maps J{x) 
onto J(<l>(x)), the set {j G J{L) | j ^ x} is mapped by $ onto the set 
{k G J{K) I k ^ *^(a;)}. By using this fact, we prove that 

<^{c{x)) = c($(rc)). 

Indeed, since j G J{L), <I>(j) = k implies 

Hr) = v{f) = ^{jr = Hjr = k\ 

the set {j* I j G J{L) and j ^ x } is mapped by $ onto the set {k* \ k G 
J{K) and A; ^ $(x)}. By Lemma [2^1 

c(x) = Vij e J(i) I J* ix] = \l{j* I j G J{L) and j ^ x}; 
recall that j = j** . Similarly, we get 

c($(x)) = \J{k* I k G J(if) and A; ^ $(x)}. 
Hence, we have 

^(c(x)) = V{^(i*) I i e J(L) and j* ^ x} 
= \J{k* I fc G :^(i^) and fc ^ <^{x)} 
= c(<I>(x)). 

D 
A De Morgan algebra A is a Kleene algebra if for all x,y £ A, 

X A c{x) < y V c(y). 
We define for a Kleene algebra A two sets: 

^+ = {x V c(x) I X G ^} and A" = {x A c(x) | x G ^}. 
The proof of the following lemma is straightforward and is omitted. 

Lemma 2.5. Let A be a Kleene algebra. Then, 

(a) c{A+) = A- and c{A-) = A+ ; 

(b) a < c{b) for all a,b £ A~ ; 

(c) c{a) < b for all a,b £ A+; 

(d) aG A' iff a< c{a); 

(e) a G ^+ iff c{a) < a. 

Additionally, for any Kleene algebra A, A~ is an ideal and A'^ is a filter 
of A, as noted in e.g. [TJj. Let A be a Kleene algebra defined on a complete 
lattice A. We denote 

a = \/A- and /3 = f\A+. 
Lemma |2 . 5| implies easily the following result. 
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Corollary 2.6. If A is a Kleene algebra defined on a complete lattice, then 
A^ = (a], y4+ = [/3), and c{a) = /3. 

A Heyting algebra L is a bounded lattice such that for all a,b & L, there 
is a greatest element x of L such that 

a A X <b. 

This element is the relative pseudocomplement of a with respect to b, and is 
denoted a ^ b. It is well known that any completely distributive lattice L is 
a Heyting algebra (L, V, A, ^, 0, 1) such that the relative pseudocomplement 
is defined as 

x^y = \J{z&L\ z A X < y}. 

According to R. Cignoli [3], a quasi-Nelson algebra is a Kleene algebra 
{A, V, A, c, 0, 1) such that for each pair a and b of its elements, the relative 
pseudocomplement 

a =^ {c{a) V b) 

exists. This means that every Kleene algebra whose underlying lattice is 
a Heyting algebra, and, in particular, any Kleene algebra defined on an 
algebraic lattice, forms a quasi-Nelson algebra. 

In quasi-Nelson algebras, a =^ {c{a) V b) is denoted simply by a — )■ 6 and 
this is called the weak relative pseudocomplement of a with respect to b. As 
shown by D. Brignole and A. Monteiro in [3], the operation — t- satisfies the 
equations: 

(Nl) a^a = 1; 

(N2) {c{a) V 6) A (a ^ 6) = c{a) V 6; 

(N3) aA{a-^b)=aA {c{a) V b); 

(N4) a ^ {b A c) = {a ^ b) A {a ^ c). 

A Nelson algebra is a quasi-Nelson algebra satisfying the equation 

(N5) {aAb)^c = a^ (b^c). 

Note that it is shown in |3j that Nelson algebras can be equationally char- 
acterized as algebras (A, V, A, — J-jC, 0, 1), where (A, V, A,c, 0, 1) is a Kleene 
algebra and the binary operation — )■ satisfies (N1)-(N5). 

3. Completely Distributive Kleene and Nelson Algebras 

In this section, we present some more or less known properties that are 
used in the proofs of our main results. First, we show that in completely 
distributive Kleene algebras, the set of completely join-irreducible elements 
J' can be divided into three disjoint sets in terms of the map * : J ^t J . 

For any set A, let X' denote the set-theoretical complement A\X oi any 
subset X ^ A. Let A be a De Morgan algebra. We denote the set of its 
prime filters by Tp. A map g: Fp ^ Fp\s defined by setting 

g{P) = c{P)' 

for all P G Tp. Since c{P) is a prime ideal of the lattice A, c{Py is a prime 
filter of A. It is easy to verify (see e.g. [3J) that for all P G J-'p, 

9{9{P)) = P 
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and for any P, Q £ Tp, we have 

P CQ implies g{Q) Q g{P). 

If A is a completely distributive De Morgan algebra, the map g is related 
to the map * : J ^ J , because for every j E J , 

5(b')) = {c(x) \j<x]' = {x\x< c{j)]' = {x\x^ c{3)] = [f); 

note that in any distributive lattice, [j) is a prime filter for each j £ J . 

Let A be a Kleene algebra. It is known (see e.g. [3]) that in this case for 
any prime filter P of A, we have either g{P) C P or P C g{P). In [Ij, the 
following two sets were defined: 

J-+ = {P G Jp I P C g{P)]- 

T- = {P G Jp I g{P) Q P}. 

Then, Tp = Tp U Tp . 

Remark 3.1. From the above, it follows that for any j £ J in a completely 
distributive Kleene algebra A, j and j* are comparable. Indeed, for any j G 
J, either [j) G -Pp+ or [j) G J"" holds. If [j) G T+, then [j) C g{[j)) = [j*) 
implies j* < j, and for [j) G Jj7, [j*) = g{[j)) C [j) gives j < j* . 

Let A be a completely distributive Kleene algebra. We may now define 
three disjoint sets: 

J- = {jeJ\j< j*}; 

j* = {j^j\j=n; 

J^ = {3^J\3> f]- 



Then clearly. 



[j) G F+ ^^ jeJ+Uj* 
[j) G J-- ^^ JGJ-UJ* 



and in view of Remark 3.1 , we have J^ = J~ U J* U J^ . The next lemma 
contains some simple known facts, but it is proved to make our proofs con- 
sistent. 

Lemma 3.2. If A is a completely distributive Kleene algebra, then for all 
j G J: 

(a) Ifj(^A', thenj*<j; 

(b) J- = JnA-; 

(c) j€j- ^^ r€j+. 



Proof, (a) If j ^ A~ , then j ^ c{j) by Lemma 2.5 'd) and so j* < j. 

(b) If j G k7~, then j ^ A" is not possible by (a), and we obtain J'~ C 
i7 n A~ . Conversely, if j G ^7 n A~, then j < c(j) and hence j* < j is not 
possible. Thus, we get j < j*, that is, j G J^ . This proves J^ = J H A~ . 

(c) If i G J'", then f > j = j** and j* G J^. The other direction is 
proved analogously. D 

Following A. Monteiro [T5], a Kleene algebra A is said to have the inter- 
polation property, if for any P,Q£ Tp such that P C (7((5), there exists a 
prime filter P of ^ fulfilling the conditions P '^ F CI g{P) and Q '^ F CI g{Q) 
(see also p!7]). 
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Theorem 3.3. J4j Theorem 3.5] A quasi-Nelson algebra is a Nelson algebra 
if and only if it has the interpolation property. 

Lemma 3.4. [H Lemma 2.2] A Kleene algebra A has the interpolation prop- 
erty if and only if, for given P,Q£ F^ such that P C g{Q), 

aAb^ c{a) V c(6) 

for all a & P and b £ Q. 

We note that m case of a finite Kleene algebra, the interpolation property 
is equivalent to condition: 

(M) For any p and q in J such that p* ,q* < p, q, there is /c in ^7 such that 

p*,q* <k<p,q 

(see |15j). Moreover, the equivalence of these two conditions in case of 
Kleene algebras with an algebraic underlying lattice implicitly follows from 
|23l Theorem 2]. Since the approach and the terminology of [23j is notably 
different from ours, to avoid recalling several notions from there and to make 
our proofs self-consistent, below we present a direct proof. 

Proposition 3.5. If A is a Kleene algebra defined on an algebraic lattice, 
then A has the interpolation property if and only if condition (M) is satisfied. 

Proof. (=^) Suppose that A has the interpolation property and that for some 
Pil ^ J ■, P* iQ* ^ V-iQ is satisfied. Then, for the prime filters P = [p) and 
Q = [q), we have g{P) = [p*), 9{Q) = [?*), and P, Q C g{P),g{Q). It is 
clear that P,Q£ T^, p £ P, and q £ Q. Therefore, by Lemma 3.4, 

(t) pAq^c{p)\/c{q). 

Because A is an algebraic lattice and A is a De Morgan algebra, each element 
X of A is the join of completely join-irreducible elements below x. Then (m) 
implies that there exists a completely join- irreducible element k £ J' such 
that k < p A q, but k ^ c{p) V c{q). Now clearly k < p,q and k ^ c{p), c{q), 
that is, p*,q* < k and condition (M) holds. 

(<^) Assume that condition (M) is satisfied, but A does not have the inter- 



polation property. Then, by Lemma 3.4, there are two prime filters P and 



yb 



Q satisfying P C g{P), Q C g{Q), and P C g{Q), as well as elements a £ P 
and b £ Q such that 

aAb< c{a) V c{b). 
First, we show that for any F £ T^ and x £ F, the element 

{ilie J(x)\j-} 

belongs to F. For that, we also define the element 

x'' = \/{j\jeJ{x)nj-}. 

Clearly, x = x'^ V x . Since x £ F and F is a prime filter, we have that 
x^ £ F or x"^ £ F. Now x'^ £ A~ , because J~ C A~ and A~ is closed 
under any join, as it i s a principal ideal of ^, by Corollary |2.6[ Thus, 



X < c{x ) by Lemma 2.5 'd). If x £ F, then c(x ) £ F contradicting 



c{x ) £ c{F) = g[F)' C F' . Therefore, we must have x^F and x" £ F . 
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Secondly, we prove that there exist p £ J {a) \ J~ and q G J(&) \ J^ such 
that "p ^ c(g). If we assume that for all p G J {a) \ J~ and q G J(6) \ J~ , 
P < c((7) holds, then 

(^'' = \l{v\v^J{a)\J-} 
<l\{c[q)\q£j(h)\J-} 
= c{\l{q\q£j{h)\J-}) 

= c{bn. 

As P is a filter and o" G P, we obtain c(6") G P, which contradicts c(6") G 

c(Q) =g{Q)' ^P'- Thus,p^ c(g) for some p G J(a)\J~ and gG J{b)\J~. 

Finally, we have p* < p and q* < q, and p ^ c{q) implies q* < p hy the 



definition of q*. From this, by Lemma 2.1 we also get p* < q** = q. By our 
original assumption, there exists an element k £ J such that 

P* -.(f 1^ k < p,q. 

Notice that this also directly implies p* ,q* < k* < p, q. 

The elements a £ P and b £ Q satisfy a A b < c{a) V c(6) = c{a A b). 
Because p < a and q < b, 

k,k* <pAq<aAb< c{aAb) < c{k),c{k*). 

This then means that both k and k* are in J'^ . But this is impossible by 
Lemma |3.2[ c). Therefore, the interpolation property must hold. D 

4. Nelson Algebras of Rough Sets Determined by Quasiorders 

In [131, we proved that if [/ is a non-empty set and i? is a quasiorder on 
U, then RS is a complete sublattice of p{U) x p{U). Since p{U) x p{U) is 
an algebraic, completely distributive lattice, this implies that RS is also an 
algebraic completely distributive lattice. Thus, RS has the properties listed 
in Remark 12.21 and 

/\ A{X.i) = ( Q X7, n Xt) and V AiX,) = ( U ^MJ ^0 

for all {A{Xi) I i G /} C RS. It is easy to observe that (0,0) is the least 
and ([/, U) is the greatest element of RS. We also showed that the set of 
completely join-irreducible elements of RS is 

W J = W,{xy)\ \Rix)\>2}\j{{R{x),R{x)'')\xGU}, 

and that every element can be represented as a join of elements in J'. 
In addition, we proved that the map 

c: RS ^ RS, A{X) ^ A{X') 

is a De Morgan complement, and therefore 

RS = {RS,V,A,c,i$,$),{U,U)) 
is a De Morgan algebra. Note that 

Aix') = {{xr ,{xr) = iix'yAx''y). 

Additionally, {x}^ = {y £ U \ yRx} = R^^{x) for all x £ U. Because 
R is reflexive, X^ ^ X C X^, and transitivity means X^^ C X^ and 
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X'^ C X^^ for all X C [/. In fact, ^ : p{U) — )• p{U) is a topological closure 
operator, and ^ : p{U) — )• p{U) is a topological interior operator; see [12]. 

Lemma 4.1. If R is a quasiorder on a non-empty set U , then MS is a 
quasi-Nelson algebra. 

Proof. Since RS is a completely distributive lattice, we have only to show 
that MS is a Kleene algebra. Let x = (X^,X^) and y = {Y'^,Y^). Then, 

X A c{x) = {x^ n {x'')', X'' n (x^Y) = (0, x^ \ x^y, 
y V c(y) = (y^ u (y^)', y^ u (y^)') = ((y^ \ y^)', u). 

Hence, the condition x A c{x) < y V c(y) is satisfied. D 

Our next lemma presents some properties of the completely join- 
irreducible elements of RS. The set J' is defined as in Q. 

Lemma 4.2. If R is a quasiorder on a non-empty set U, then the following 
assertions hold: 

(a) J- = {(0,{x}'^)| |i?(x)|>2}; 

(b) (0,{x}^)* = {R{x),R{x)'^) for all (0,{x}^) G J"; 

(c) J+ = {{R{x),R{x)^)\ \R{x)\>2}; 
{d)J* = {{{x},{x}^)\ R{x) = {x}}. 

Proof (a) Let j = (X^,X^) G J". Then, j < c(j) and j = j A c{j) = 
(0,X^ \ X^). This implies j = (0, {x}^) for some x such that |i?(x)| > 2. 
Conversely, if j = (0,{x}^), then c{j) = {U \ {x}^,U) implying j < c{j) 
and j G J^ . 

(b) Let X eU be such that |i?(a;)| > 2. Then, j = (0,{x}^) G J" and 



by Lemma 3.2 'c), j* G JT""*" and therefore we must have j* = {R{y),R{y)^) 
for some y £ U. Because j* is the least element not included in c{j) = 
{U \ {xY,U), we have R{y) ^ C/ \ {x}^, that is, R{y) n {x}^ / 0. Thus, 
there exists z £ U such that yi?z and zRx implying yRx. This gives 
R{x) C i?(y) and i?(x)^ C R{y)^. Hence, (i?(x), i2(x)^) < {R{y),R{y)^) = 
j*. As (ii(x),i?(x)^) ^ c(i), we get (i?(x),i?(x)^) = j*. 

(c) is now obvious by (a), (b), and Lemma [S^j 

(d) If J = J*, then by Q, (a), and (c) we must have j = {R{x), R{x)^) = 
({x}, {x}^) for some x £ U such that R{x) = {x}. 

Conversely, suppose j = (|x |, | x|^) for some x such that R{x) = {x}. 



Then, j ^ J and, by Lemma 3.2 'a), either j* £ J or j* £ i7*- Clearly, 



i* G i7 is not possible, since R{x) = {x}. D 

Proposition 4.3. If R is a quasiorder on a non-empty set U , then MS is a 
Nelson algebra such that the underlying lattice RS is algebraic. 



Proof. By Theorem 3.3 and Proposition |3.5[ we have to show only that the 
quasi-Nelson algebra MS has property (M). Let p,q £ J , where J is defined 
as in Q, and suppose that 

We will show that in this case there exists an element k £ J such that 

p* ,q* < k < p,q. 
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We may exclude the cases p = p* and q = q* , because they imply directly 
k = p or k = q. 

Now, p*,q* < p,q implies p,q £ J^ ■ Hence, p = {R{x), R{x)^) and 
q = {R{y), R{y)^) for some elements x,y G U such that |i?(a;)|, \R{y)\ > 2. 
By Lemma Qb), p* = (0,{x}^) and q* = (0,{y}^). Then, p* < q gives 
X £ {x}^ ^ i?(y)^. Hence, there exists an element z €z U such that yRz 
and X Rz. We have to consider two cases: (i) |^(-z)| > 2 and (ii) R{z) = {z}. 

(i) Assume that |i?(^;)| > 2. Then clearly, k = {9,{z}^) is a completely 
join-irreducible element. Observe that x,y G {z}^ implies {x}^,{y}^ C 
{z}^, whence we obtain p* < k and q* < k. Since z S R{x) and z G R{y), 
we get also {2:}^ C R(x)^ and {z}^ C R{y)^ implying k < p and k < q. 

(ii) Suppose R{z) = {z}. Then k = {{z},{z}^) is a completely join- 
irreducible element. Because xRz and yRz, we obtain 



p* = {9,{x}'^)<{{z},{z}'^) = k, 

g* = (0,{y}")<({4,W) = fc, 

A; = ({z}, {z}^) < {R{x),R{x)^) = p, and 
k = {{z},{zy)<{R{y),Riy)'^) = q. 

Hence, p*,q* < k < p,q is satisfied in both cases (i) and (ii). D 

Example 4.4. For any binary relation R on U, a set C C [/ is called a 
connected component of R, if C is an equivalence class of the smallest equiv- 
alence relation containing R. In [13], we presented a decomposition theorem 
stating that for any left-total relation, 



i?5 ^ fj RS{C), 
ceco 



where €0 is the set of connected components of R and RS{C) is the set of 
rough sets on the component C determined by the restriction of R to the 
set C. Note that R is said to be left-total if for any x, there exists y such 
that X Ry. 

For any equivalence, the connected components are just equivalence 
classes. If an equivalence class C consists of a single element, say a, then 
RS{C) = {(0,0), ({a}, {a}), and RSiC) = {(0, 0), (0, C), (C, C)} in case 
\C\ > 2. This then means that RS is isomorphic to the direct product of 
chains of two and three elements. 

In case of quasiorders, the height of components cannot be limited. Let 
us consider the following simple case. Assume that U = {1,2, . . . ,n} is a 
set of n consecutive natural numbers and consider its usual order <. For 
any X C [/, X^ = {1, . . . ,i}, where i is the maximal element of X and 
X^ = {j, ...,n}, where j is the least j such that {j,...,n} C X. All 
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elements of U belong to the same component and RS has the members: 
A{{l,...,n}) = {{l,...,n},U); 

A{{n-l,n}) = {{n-l,n},U); 
A{{n}) = {{n},U); 
^({n-l}) = (0,{l,...,n-l}); 



^({1}) = (0,{1}); 
^(0) = (0,0). 

Thus, RS forms a chain of 2n elements. 

We conclude this section by considering three-valued Lukasiewicz alge- 
bras. It is known that three-valued Lukasiewicz algebras coincide with the 
semisimple Nelson algebras — see [5], where further references can be found. 

Following A. Monteiro [16], we can define a three-valued Lukasiewicz al- 
gebra as an algebra {A, V, A, c. A, 1) such that ^ is a distributive lattice and 
the following equations are satisfied: 

(LI) c{c{x)) = x; 

(L2) c(xAy) = c(x)Vc(y); 

(L3) c(x) VA(x) = 1; 

(L4) X A c{x) = c{x) A A(x); 

(L5) A(x Ay) = A(x) A A(y). 

Proposition 4.5. If R is a quasiorder, then the rough set lattice MS is a 
three-valued Lukasiewicz algebra if and only if R is an equivalence. 

Proof. If R is an equivalence, then MS is a three-valued Lukasiewicz algebra 
such that A{A{X)) = {X^,X^) as shown by P. Pagliani P^IT^. 

Conversely, suppose by contradiction that MS is a three-valued 
Lukasiewicz algebra, but the quasiorder R is not symmetric. Then, there 
exist x,y £ U such that (x,y) G R, but (y,x) ^ R. Now |i?(a;)| > 2, 
J — (®){^}^) ^ «^~) ^^^ 3 ^ c(j). For j, there exists the element A(j) 
satisfying (L4), that is, c{j) A A(j) = j A c{j) = j. From this we obtain 

(C/\{x}^C/)AA(i) = (0,{x}'^). 

This means that A(j) = {V^ ,Y^), where Y^ = {x}^ and V^ C {x}^ . 
Assume that Y^ / 0. Then, there exists z G Y^ C {x}^. So, zRx, 
and now xRy implies zRy, that is, y G R{z). Since z G 1"^, we have 
y G -R(^) ^Y CI Y^ = {x}^. But y G {x}^ is not possible, since (y, x) ^ i?. 
So, we must have Y^ = and A(j) = (0, {x}^) = j. Then, 

c{j) V A(i) = c(i) V j = c{j) = {U \ {x}^ U) + {U, U). 

This contradicts (L3) and therefore MS is not a three-valued Lukasiewicz 
algebra. D 
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5. Proof of the Representation Theorem 

Next, we present the proof of Theorem |1.1[ Let A be a Nelson algebra 
such that its underlying lattice A is algebraic. We denote by J' the set of 
completely join-irreducible elements of A. We define a mapping p: ^7 — )• 
J-UJ*. For all J £ J, let 



^ ' 1 j* otherwise. 
Notice that p{p{j)) = p{j) and p{j) = p{j*) for all j G J'. 

Proof of Theorem \1.1\ Let us set U = J and define a binary relation R on 
C7by 

xRy ^^ p{x) < p{y). 

Then, Ris a, quasiorder on U . Observe that xRx* and x* Rx for all x £ U. 
Thus, R{x) = R{x*) and {x}^ = {x*}^ for every x £U. If x £ J' U J+, 
then \R{x)\ > 2, because x / x*. If x G J*, then R{x) = {x}. Namely, 
if X £ J'* and xRy, then x = p{x) < p{y). Now p{y)* < x* = x < p{y) 
implies p{y) G J* since p{y) G J^ is not possible. So, p{y) = p{y)*, which 
implies y G J^* by the definition of p. Now, x < y and y < x yield y = x. 

The algebra MS of rough sets determined by the relation i? is a Nelson 
algebra such that the underlying lattice RS is an algebraic lattice by Propo- 
sition 4.3, Let J{RS) denote the sets of completely join- irreducible elements 
of RS. We show first that J and J'{RS) are order-isomorphic. 

Let us define a mapping ip: J ^ J{RS) by setting 

"^^^^ \ {R{x),R{xy) otherwise. 
The map if is well-defined. Namely, if x G J^ , then |i?(x)| > 2 and 

ip{x) = {^,{x}'^)£j{RSy. 
If X £ J+, then also |i?(x)| > 2, and 

fix) = {R{x),R{x)'') £ J{RS)+. 
For any x £ J*, R{x) = {x} gives 

f{x) = {R{x),R{x)^) = ({x},{x}^) G J{RS)* 



(cf. Lemma 4.2) 



We show that if is an order-embedding. The proof is divided into four 
cases: 

(i) X G J"" and y £ J'; 
(n) X £ J^ and y ^ J^; 
(iii) X ^ J^ and y ^ J~; 
(iv) X ^ J~ and y £ J~ . 

(i) Let x,y £ J~ . Then, p(x) = x and p(y) = y. Now x < y im- 
plies /9(x) < /9(y) and xRy. So, {x}^ C {y}^ and V'(x) = (0,{x}^) < 
(0,{y}^)) = (/^(y). Conversely, if 9?(x) < i/9(y), then x G {x}^ C {y}^ and 
X Ry. Thus, x = p{x) < p{y) = y. 

(ii) Let X G ^7" and y ^ J"^. Then, p(x) = x and p(y) = y* ■ If 
X < y, then y* < x* and we have x, y* < x* and x, y* < y** = y. Thus, 
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x**,y* < x*,y, which imphes by Proposition |3 . 5| that there exists z ^ J such 
that x,y* < z^z* < x*,y. This then gives p{x),p{y) < p{z) and we obtain 
xRz and yRz. Therefore, z £ R{y), x S R{y)^, {x}^ C R(y)^^ = R{y)^, 
and (^(x) = (0,{x}'^) < iRiy),Riy)'^) = ^(y). 

On the other hand, if (p{x) < ip{y), then x G {x}^ C R{y)^ and so there 
exists z such that xRz and yRz. Thus, x = p{x) < p{z) and y* = p{y) < 
p{z). If p{z) = z, then z G J^ U J* and z < z*. We have x < z and 
y* < z < z* implying x < z < y. If /9(z) = z* ^ z, then z S ^^ and z* < z. 
Then x < z* < z and y* < z* giving x < z < y. 

(iii) Now x,y ^ J'^ , p{x) = x* , and p{y) = y* ■ If a; < y, then p{y) = y* < 
X* = p{x) and yRx. Therefore, R{x) C R{y), and <^(x) = {R{x), R{x)^) < 
{R{y), R{y)^) = ip{y). Conversely, if ^{x) < ^{y), then R{x) C R{y). Since 
x G -R(a;), we have yRx. Thus, y* = p{y) < p{x) = x* and x <y. 

(iv) If X ^ J'~ and y G J"", then a; < y is impossible, because J'~ is 
a down-set. Similarly, V9(x) = {R{x), R{x)^) < (0,{y}^) = y'(y) is not 
possible, because R{x) / 0. 

We have shown that x < y if and only if ip{x) < (p{y) in all cases. Hence, 
9?: i7 — > J{RS) is an order-embedding. Next we prove that y? is onto 
J[RS). Let j G J{RS). We consider three disjoint cases. 

(i) Assume j = (0,{x}^) for some x £ U = J such that |-R(x)| > 2. If 
xe J~, then ip{x) = (0, {x}^) = j. If x G J'+, then (^(x) = (i?(x), i?(x)^) 
and v?(x*) = (0,{x*}^) = (0,{x}^) = j. Case x ^ J* may be excluded, 
since it means R{x) = {x}. 

(ii) If j = ({x}, {x}^) for some x £ U such that R{x) = {x}, then xRx* 
and x*Rx imply x = x*. Thus, x G ^7*, and we infer ip{x) = j. 

(iii) Suppose that j = {R{x), R{x)^) for some x £ U such that |-R(x)| > 2. 
Similarly as in case (i), if x G JT"^, then (p{x) = j and if x G J^~ , then 
99(x*) = j. Case x G ^7* is not possible. 

Thus, ip is an order-isomorphism of the ordered set J7 onto the ordered set 
J{RS). Because A and RS are isomorphic as lattices, they are isomorphic 
as Heyting algebras also. To show the isomorphism of the algebras A and 



MS, by Corollary 2.4 it is sufficient to prove that f{j*) = fij)* for all j G J. 

We consider three cases: 

(i) If X G J'", then x* G J~^ and 

ip{x*) = {R{x*), (i?(x*)'^) = (i?(x), R{x)'') = (0, {x}'^)* = ip{x)*. 

(ii) If X G J"* , then x = x* and 

^{x*) = ({x*},{x*}^) = ({x},{x}^) = v.(x) = ^{xy. 

(iii) If X G J'^, then x* G J" and 

(^(x*) = (0, {x*}-^) = (0, {x}-^) = {Rix),R{x)'^r = ipixy. 

Thus, A and MS are isomorphic Nelson algebras. D 

Example 5.1. Let us consider the Nelson algebra A presented in Fig- 
ure [5]l|^a). The operation c is defined by c(0) = 1, c{a) = f, c{b) = e, and 
c{c) = d. The set of completely join-irreducible elements J is {a, 6, d, e, /}. 
It is easy to observe that o* = e, 6* = /, and d* = d. Hence, J~ = {a, 6}, 
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J* = {d}, and J''^ = {e, /}. Let us consider the construction of the relation 



R presented in the proof of Theorem 1.1 
1 





(a) 



(b) 



Figure 1. 

The map p is defined as p{a) = p{e) = a, p{d) = d, and p{b) = p{f) = b. 
The relation R on U = J is then defined by xRy iff p{x) < p{y) and is 
depicted in Figure [STJ ^b) . Note that since R is reflexive, there should be an 
arrow from each circle to the circle itself, but such loops are omitted. Now 
RS = {(0,0), (0,{a,e}), (0,{6,/}), (0,{a,6,e,/}), {{d},U), {{a,d,e},U), 
{{b, d, /},[/), {U, U)} and clearly MS ^ A. 

For rough sets lattices determined by equivalences, there exists the 
following representation theorem: for every regular double Stone lattice 
(^, V, A,*, +,0, 1), there exists a set U and an equivalence R on U such 
that A is isomorphic to a subalgebra of (-R5, U, n,*,"*", (0,0), (C/, C/)); note 
that in RS, the pseudocomplement of A{X) is {U \ X^, U \ X^) and its 
dual pseudocomplement is {U \ X^ , U \ X^); see [H |9]. By applying The- 
orem |1.1| and Proposition |4.5[ we can prove the following result for rough 
sets determined by equivalences. 

Corollary 5.2. Let A be a semisimple Nelson algebra defined on an alge- 
braic lattice. Then, there exists a set U and an equivalence R on U such 
that A = MS. 

Proof. Suppose that A is a semisimple Nelson algebra. Then, by Theo- 
rem |1.1[ there exists a set U and a quasiorder R on U such that A and 
MS are isomorphic Nelson algebras. Because A is a semisimple Nelson alge- 
bra, then A and MS are isomorphic three-valued Lukasiewicz algebras. This 
implies by Proposition 4.5 that R must be an equivalence. D 



Let us denote by Rj the quasiorder on J constructed in the proof of 
Theorem |1.1[ Let us note that the set J^ and the relation Rj are not 
necessary minimal in the sense that there may exist a set U of smaller 
cardinality than J and a quasiorder R on U determining the same Nelson 
algebra. For instance, in case of Example |5.1[ the same algebra can be 
obtained by the relation R = 5u U {{a,c), (6, c)} on the three-element set 
U = {a,b,c}, where 5u denotes the identity relation of U. However, Rj 
has the property that any equivalence class of Rj n Rj^ is of the form 
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{jjj*}^ where j E J. Therefore, any rough set algebra MS determined by a 
quasiorder can be generated also by the quasiorder Rj having the property 
that equivalence classes of Rj n Rj~^ have at most two elements. In case 
of three- valued Lukasiewicz algebras this then means that each equivalence 
class of Rj has at most two elements. Hence, the construction is minimal 
in the above sense. 

Remark 5.3. Notice that the Nelson algebra A is isomorphic to a Boolean 
algebra whenever the quasiorder Rj of our construction is a partial order; 
in fact, for our construction, the following statements are equivalent: 

(a) Rj is a partial order; 

(b) Rj = 5j-, 

(c) M§^(p(J),U,n,',0,J); 

(d) A is a Boolean algebra. 

Namely, if Rj is a partial order, then our construction gives j = j* for all 



j G J . So, by Lemma 2.1, i < j implies i = j for all i,j G J . Thus, {J , <) 
is an antichain and Rj = 5j. As (b)=^(a) is obvious, we get (a)<^(b). 

li Rj = 5j , then RS = {{X, X) \ X C J} and c(X, X) = {J\X,J\X). 
Therefore, we have MS ^ (p(J), U,n,',0, J). Thus, (b)^(c), and (c)^(d) 
is clear by Theorem |1.1[ If A is defined on an algebraic Boolean lattice, 
then this lattice is atomistic and J coincides with the set of its atoms. This 
means that [J^ <) is an antichain and Rj = 5j by our construction. So, 
(d)^(b). 
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